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Abstract: The transcendental equation with five unknowns involving surds represented by the diophantine 

equation 323 22 z10nymxyx  is analysed for its patterns of non-zero distinct solutions. 
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1. Introduction 
Diophantine equations have an unlimited field of research by reason of their variety. Most of the 

Diophantine problems are algebraic equations [1,2]. In [3-17], the integral solutions of transcendental equations 

involving surds are analyzed for their respective integer solutions. This communication analyses a 

transcendental equation with five unknowns given by 323 22 z10nymxyx  . Infinitely many non-zero 

integer quintuples
 
 n,m,z,y,x   satisfying the above equation are obtained. 

 

2. Method of analysis 
The transcendental equation involving surds to be solved is 

 
323 22 z10nymxyx          (1) 

The introduction of the transformations 

    2222 nmny,nmmx         (2) 

in (1) leads to  

 
322 z5nm            (3) 

To start with, observe that 

 k2k3k3 z,n,2m          (4) 

Satisfy (3). In view of (2), one obtains  

 k9k9 5y,10x             (5) 

Thus, the quintuple  n,m,z,y,x  given by  k3k3k2k9k9 ,2,,5,10   satisfies (1). 

Also, taking 

 222 5z,N5n,M5m          (6) 

in (3), it is written as 

  2322 NM             (7) 

which is satisfied by 

 0vu,vuN,uv2M 22         (8) 

 
223 vu            (9) 

Again, note that (9) is satisfied by 

     0qp,qp,qpqv,qppu 222222                             (10) 

From (10), (8) and (6), one obtains 

 
 

   








22222

222

qpqp25n

qppq50m
        (11) 
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  222 qp5z            (12) 

Substituting (11) in (2), it is seen that 

 
 

   








822223

8223

qpqp25y

qppq252x
        (13) 

Thus, (11), (12) and (13) satisfy (1). 

 

Note 1:  

It is worth to note that (9) is also satisfied by 

 223223 nm,nnm3v,mn3mu   

Proceeding as above, a different set of solutions to (1) is obtained. 

 

Note 2: 

Observe that (7) may be written as 

  3222 NM           

which is satisfied by 

 
 
  







3222

2322

qqp3,qpqN

pq3p,qppM
        (14) 

 222 qp            (15) 

It is well-know that (15) represents the Pythagorean equation whose solution may be written as 

 0ba,ba,baq,ab2p 2222    

In view of (6) and (2), two different sets of integer solutions to (1) are obtained. 

In addition to the above sets of integer solutions to (1), there are other sets of integer solutions to (1) which are 

illustrated below: 

Set 1: Assume 

 
22 baz              (16) 

write 5 as 

   i2i25            (17) 

Substituting (16), (17) in (3) and applying the method of factorization, define 

   3ibai2inm   

from which we get 

 







3223

3223

b2ba6ab3an

bba3ab6a2m
        (18) 

In view of (2), it is seen that 

 
   
   








322322

3223322

b2ab3ba6aba5y

bba3ab6a2ba5x
                         (19) 

Thus, (16), (18) and (19) represent the required integer solutions to (1). 

 

Note 3: 

One may also written 5 as 

   i21i215                             (20) 

In this case, the corresponding integer solutions to (1) are found to be 

 

   

   

3223

3223

22

3223322

3223322

bba3ab6a2n

b2ba6ab3am

baz

bba3ab6a2ba5y

b2ba6ab3aba5x











 

Set 2:  (3) is written as 

 1z5nm 322                    (21) 
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Consider 1 to be 

 
  

 222

2222

qp

pq2iqppq2iqp
1




               

 (22) 

    (or) 

 
     

 222

2222

qp

qpipq2qpipq2
1




             (23) 

Substituting (16), (17) and (22) in (21) and applying the method of factorization, define  

    
 

 22

22
3

qp

pq2iqp
ibai2inm




    

On equating the real and imaginary parts, we get 

 
 

       

 
        q,pfbba3q,pgab3a

qp

1
n

q,pgbba3ab3aq,pf
qp

1
m

3223

22

3223

22











   

where 

     pq4qpq,pg,pq2q2p2q,pf 2222   

As our interest is on finding integer solutions, replacing a by  Aqp 22  and b by   Bqp 22  , we have  

 

          

          

    














22222

3223222

3223222

BAqpz

q,pfBBA3q,pgAB3Aqpn

q,pgBBA3q,pfAB3Aqpm

     (24) 

In view of (2), one obtains 

 
            

            









q,pfBBA3q,pgAB3AqpBA5y

q,pgBBA3q,pfAB3AqpBA5x

3223822322

3223822322

     (25) 

Thus, (24) and (25) represent the integer solutions to (1). 

 

Note 4: 

 In addition to (17) and (22), one may also consider the values of 5 and 1 in (21) to be represented by 

the choices of equations (17), (23); (20), (22); (20), (23) respectively and thus, the other sets of integer solutions 

to (1) are obtained.  

 

References 
[1] L. E. Dickson, History of Theory of numbers, Vol.2, Chelsea publishing company, Newyork, 1952. 

[2] L. J. Mordel, Diophantine equations, Academic press, Newyork, 1969. 

[3] M.A. Gopalan, and S. Devibala, “ A remarkable Transcendental equation”, Antartica.J.Math.3(2), 209-

215, (2006). 

[4] M. A. Gopalan, V. Pandichelvi, “ On transcendental equation 33 ByxByxz  ”, 

Antartica.J.Math,6(1), 55-58, (2009). 

[5] M. A. Gopalan and J. Kaliga Rani, “ On the Transcendental equation zgzyhyxgx   “, 

International Journal of mathematical sciences, Vol.9, No.1-2, 177-182, Jan-Jun 2010. 

[6] M. A. Gopalan, Manju Somanath and N. Vanitha, “ On Special Transcendental Equations”, Reflections 

des ERA-JMS, Vol.7, Issue 2, 187-192,2012. 

[7] V. Pandichelvi, “ An Exclusive Transcendental equations   223 223 22 R1kwzyx   “, 

International Journal of Engineering Sciences and Research Technology, Vol.2, No.2,939-944,2013. 

[8] M.A. Gopalan, S. Vidhyalakshmi and S. Mallika, “ On The Transcendental equation 

  5223 223 22 Rsk2wzyx  ”, IJMER, Vol.3(3), 1501-1503, 2013. 



International Journal of Recent Engineering Research and Development (IJRERD) 

ISSN: 2455-8761  

www.ijrerd.com || Volume 05 – Issue 06 || June 2020 || PP. 08-11 

11 | P a g e                                                                                                                   www.ijrerd.com 

[9] M.A. Gopalan, S. Vidhyalakshmi and A. Kavitha, “Observation on  

  2n23 222 22 z3kyx2x2y   “, International Journal of Pure and Applied Mathematical 

Sciences, Vol 6, No 4, pp. 305-311, 2013. 

[10] M.A. Gopalan, S. Vidhyalakshmi and G. Sumathi, “On the Transcendental equation with five 

unknowns   6224 223 22 zsryx2yx3  ”, Global Journal of Mathematics and Mathematical 

Sciences, Vol.3, No.2, pp.63-66, 2013. 

[11] M.A. Gopalan, S. Vidhyalakshmi and G. Sumathi, “On the Transcendental equation with six unknowns 

2 223 222 22 w2zyxxyyx2    “, Cayley Journal of Mathematics, 2(2), 119-130,2013. 

[12] M.A. Gopalan, S. Vidhyalakshmi and S. Mallika, “An interesting Transcendental equation 
23 222 22 Rwz2x3y6  ”, Cayley J.Math, Vol. 2(2), 157-162, 2013. 

[13] M.A. Gopalan, S. Vidh2yalakshmi and K. Lakshmi, “On the Transcendental equation with five 

unknowns 
23 222 22 z5pwy2x  ”, Cayley J.Math, Vol. 2(2), 139-150, 2013. 

[14] M.A. Gopalan, S. Vidhyalakshmi T.R. Usha Rani, “Observation On the Transcendental equation 

  223 222 22 z1kyxx2y5  ”, IOSR Journal of Mathematics, Volume 7, Issue 5 (Jul-Aug. 

2013), pp 62-67. 

[15] M.A. Gopalan, G. Sumathi and S. Vidhyalakshmi,” On The Surd Transcendental Equation With Five 

Unknowns   5n222 224 22 R1kwzyx    “, IOSR Journal of Mathematics, Volume 7, Issue 4 

(Jul-Aug. 2013 ), pp 78-81. 

[16] M.A. Gopalan, S. Vidhyalakshmi and A. Kavitha, “On Special Transcendental equation 

  2s223 22 zyx  ”, International Journal of Applied Mathematical Sciences, Volume 6, Issue 2 

(2013), pp. 135-139. 

[17] K. Meena, M.A. Gopalan, J. Srilekha, “ On The Transcendental Equation With Three Unknowns 

    222 zs7kxy3yx2    “, International Journal of Engineering Sciences and Research 

Technology, 8(1): January, 2019. 


